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THE MATHEMATICAL ASPECT OF THE PROBLEM
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The formulation of the boundary conditions based on asymptotic approaches is discussed for the two-dimensional linear static
theory of shells. The error of the traditional boundary conditions is estimated in the simplest cases. They are formulated for the
first time for more complicated cases. A modified Saint-Venant principle, adapted for use in two-dimensional theories of shells
and which eliminates their apparent contradiction, is formulated. Examples of the clamping of the edges, for which the Kelvin-Tait
transformation lose their meaning are presented. © 1998 Elsevier Science Ltd. All rights reserved.

1. FORMULATION OF THE PROBLEM

We will assume that the three-dimensional elastic medium which forms the shell is referred to a
triorthogonal system of coordinates (a;, a;, a3) in which the radius vector of points of the medium are
specified by the equation

P(a,), o, 03) = M(0y, 0p) + 030

where M(a, o) defines the middle surface, n is the unit vector of the normal, and the faces are specified
by the equalities a3 = *h. It is assumed that the half-thickness of the shell & is small compared with
the characteristic dimension of its middle surface R (for a shell it is convenient to take R to mean the
characteristic radius of curvature, while for a plate it is any dimension of its middle plane).

We will assume that the shell has a butt (a narrow boundary), which is not necessarily unique and,
to fix our ideas, we will assume that it coincides with the coordinate surface o; = 0. We will assume
that in terms of the three-dimensional theory of elasticity, a boundary-value problem is formulated in
which the following conditions must be satisfied: on the faces a3 = *h are conditions which denote
that there is no clamping and which specify external forces applied to these surfaces; on the butt a, =
0 there are three conditions, which determine the form of the clamping (the existence of absence of
other butts of the shell plays no part in the later discussion).

We will further discuss mathematical methods of formulating the conditions which must be imposed
on the line oy = 0 of the middle surface in the case considered when analysing the shell using the two-
dimensional Kirchhoff-Love type theory. Here it is assumed that no (even obvious) physical con-
siderations must be used.

We will investigate once again a free and rigidly clamped end face from this point of view. Moreover,
we will discuss more complex butt conditions, for which the problem of the two-dimensional analogue
cannot be solved by elementary methods.

We will use the concept of the separation of the stress—strain state of a thin shell into an internal
stress—strain state and a boundary stress—strain state. In statics the latter means the stress—strain state
and a boundary stress—strain state. In statics the latter means the stress—strain state localised in the
region of the butt of the shell (or other stress concentrators) and which decays exponentially in a certain
way with distance from the line a; = 0. The internal stress—strain state and the boundary stress—strain
state of a thin shell differ radically from one another in their properties and will be considered separately
here, as is done in the asymptotic theory of the integration of singularly degenerate differential equations.

We will assume that for the internal stress—strain state of the shell, the notion of its variability with
respect to the coordinate variables o, a; has a fairly definite meaning (or, that this internal stress-strain
state can conveniently be represented as the sum of terms possessing such a property). Hence, using
the method of scale transformations of independent variables, we can put
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=RAPE,, a,=RNPE,, o;=RA'C (1.1)

and we will assume that A is a large parameter, defined by the formula A’ = R/& (1 is an arbitrarily chosen
number that is not too large), and that any differentiation with respect to the new independent variables
&1, €2, € does not change the asymptotic form of the required quantities. The number p in (1.1) is defined
by the relation p/l = ¢, in which ¢ is the variability index of the required internal stress—strain state (if
the variability of the internal stress—strain state with respect to a, and o, is different, # must be regarded
as the so-called common, i.e. greatest, index).

When determining the boundary stress—strain state we will assume that it is constructed in the region
of the coordinate surface o, = 0 and must possess high variability, both with respect to the variable a,
(in order that attenuation should occur with distance from a; = 0), and with respect to the variable o
(in order that the face conditions can be satisfied on closely situated surfaces a3 = +h). Correspondingly,
for the boundary stress—strain state, scale transformations of the independent variables must be carried
out using the formulae

=RX'6,, o, =RAP0,, ay=RA( (1.2)
Here 6, 6, possess the same properties as &;, &; in (1.1), while ¢ has the previous meaning.

Remark. We will postulate that the boundary stress—strain state has the same large (equal to unity) variability
index with respect to a; and a;. We will show below that, when satisfying the butt conditions, this is no way leads
to incorrect boundary-value problems (other forms of (1.2) lead to some contradictions).

It was shown in [1-4] that the internal and boundary iterative processes for integrating the differential
equations of the three-dimensional theory of elasticity enable one to construct the internal stress~strain
state and the boundary stress-strain state of a thin shell separately. In the initial approximation they
simultaneously enable one to express the complete stress—strain state of the shell by the following formulae

1 =(1+0,/ RO, =N (1) + NP~ 1) +
Ty =(1+0,/ R)G,; =N (1] + 2Py 4 &

(1.3)

Ty =(1+0y /RO, =W (] +§aly + PP el 48 (=12 %))
iy = (0 /R )1+ Ry)Oy = A (1 +Lals + LA erb, NS N S IRV
v, =N"PPel+ NPT Y40, (=1,2) (1.4)
=N+ O 3) 40,
(R pw = WYOES,,, () + NBES,,, (B),
=M*elRY () + A PRV, (B), mn=12,3)

Here o, v, (m, 1 = 1, 2, 3) mean the stresses and displacements of a three-dimensional elastic
medium, while 1, are the so-called asymmetrical stresses, the meaning of which follows from (1.3),
and Ry are the principal radu of curvature of the middle surface.

The asymptotic factors Al and ” in (1.3) and (1.4) have the same meaning as in (1.1) and (1.2). We
will say more about A%, A” below. The quantities denoted by 7, v (when this causes no confusion, here
and below we will only write the root letters, i.e. we will drop all the superscripts and subscripts), are
functions of the two variables &,, £, or, which is the same thing, o, ;. They define the stresses (1) and
the displacements (v) of the internal stress—strain state and are the required functions of the theory of
thin shells. They are related to the required quantities of this theory by the formulae

1 1 2ptc-b 3
© = T, 0 _ " ¢ ol =_2=2ptc-b_~ ¢
i'--—-z—'— H TU—Z S’J’ 1,-,-— )\. ¢ 2R2 1
c~ 3 1o t42p-ctbr2 _ :J—P
ng 2U-2p+c-b — le, 11'03 +___x 14+2p—c+ 1'_3 = __2.__. N,, (1,5)

—l+p— - 1 ~l-p+c—b
0___kl+p hui’ U‘_ kl-i-cb u,~=—R7~ p+c Y,
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In these equations we have used the notation of monograph [4] for quantities on the right. These
quantities satisfy all the equations of the general two-dimensional theory of shells derived there (this
includes the adequacy of the single-term asymptotic form of the internal stress—strain state and of the
Kirchhoff-1.ove theory).

The following additional relations [4] (not stipulated in the classical theory of shells) also hold

0 + ATFEPmetbel = 3P (nh —1)/2 (1.6)
1,‘-3 =AP(th-13)/2 (i=12), v; = -7."’\’(1} +T,)(2E)
In their derivation, described in [4], it is assumed that the conditions on the faces have the form
oy =th T,,=15 (k=12,3)

We have denoted by S and ¥ in (1.3) and (1.4) the dimensionless stresses and displacements of the
boundary stress-strain state (ES are dimensional asymmetrical stresses, #} are dimensional displace-
ments, and the subscripts and superscripts are also omitted here and below). We have taken into account
the fact that the boundary stress—strain state is separated into an antiplane stress-strain state, approxi-
mately defined in the (8,, §) plane by the equations of the antiplane problem of the theory of elasticity,
while the plane stress-strain state is defined in the same way by the equations of the plane problem.
The quantities S and V are marked with the additional letters (o) and (B) respectively. This means
{1, 4] that among S;(a) and V(c) the following quantities are asymptotically principal quantities

P =[5;;(a), Sp3(0), Vy(a0)] 1.7)
while among S;(B) and V(B) the following quantities are the principal quantities
Q=[5,(B). Sn®B). S»{B). S:B). Vi(B). V3(B)] (1.8)

This property of the boundary stress-strain state is taken into account in (1.3) and (1.4) by the
asymptotic factors A" A" for the quantities S and V. When we are concerned with the quantities P we
must put p = 0, v = -/ + p, and for the quantities Q we must assume p = - + p, v = 0 [4].

The antiplane and plane problems when constructing the quantities S(a), V(c) and S(B), V() must
be solved taking into account the homogeneous face conditions, since the external forces applied to
the surfaces a3 = *h have already been borne in mind in the internal iterative process. Hence, for the
quantities S(a), V() and S(B), V(B) in (1.3) and (1.4) we have introduced the asymptotic factors A*
AP in which o, § must be determined depending on the form of the butt conditions using the discussions
described below.

Formulae (1.3) and (1.4) define, in explicit form, the asymptotic form of a certain family of integrals
of the differential equations of the three-dimensional theory of elasticity of a thin body with free faces.
It follows from the results of the following sections of this paper that the corresponding stress—strain
state may be approximately subject to not only the face conditions but also the butt conditions of the
three-dimensional theory of elasticity (an iterative improvement of this result is also possible). Hence
it follows that the powers A in (1.3) and (1.4) specify the asymptotic form of the complete stress—strain
state of the shell. It depends on the parameters 0, ¢, ¢ and b, the physical meaning of which is as follows:
n is the dimensionless half-thickness (the principal parameter of the shell asymptotic form), p/l = ¢ is
the variability index of the internal stress—strain state of the shell and c is the discriminant parameter;
it is related to the parameters p and / by the following relations.

For a shell which does not degenerate into a plate

c=0 for O0ssts Y, c=2p-1 for t=) (1.9)

for a plate
c=2p-1 for any ¢ (1.10)

(the parameter ¢ appears in (1.3) and (1.4) due to the fact that when the variability index ¢ passes through
the value 1/2, the internal stress-strain state undergoes a qualitative change), and b is the so-called
pseudo-bending index [5]; it represents the asymptotic closeness of the deformation of the middle surface
of the shell to infinitesimal bendings.
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2. A SHELL WITH A FREE BUTT

Suppose the shell has a free butt a; = 0 on which, by virtue of (1.3), the following approximate
conditions of the three-dimensional theory of elasticity must be satisfied

N, + el y+ AP ES () + APES, (B) = 0
N (2 + QN7 )+ A ES, () + NP RS (B) = 0 @2.1)
10y + ANl 1 a4 2P (G2 - Yoyed + AT ES 5 (00 + KPPES;5(B) = 0

In these equations the exponents p and v are chosen as described in Section 1, and to reduce the
number of versions we have assumed (as everywhere henceforth) that b = 0. The superscripts p, / and
c in (2.1) are assumed to be given, taking into account the proposed properties of the solution of the
problem considered.

The proposed approach to the formulation of the boundary conditions in the classical two-dimensional
theory of shells consists of the fact that relations of the form (2.1) are treated as the butt conditions
for the problem of constructing the boundary stress—strain state, i.e. the quantities S and V are assumed
to be the required quantities, while the quantities  are regarded for the present as known, and we
consider the problem of those conditions which t must obey on the line a; = 0 in order that S and V'
should possess the property of Saint-Venant decay with respect to a,;.

The boundary stress—strain state must be constructed in the half-strip {0 < a; < o0; -1 < 03 < +h},
taking into account the homogeneous face conditions S3 = 0 (k = 1, 2, 3) on the line a3 = *h and
with the additional requirements on the decay of the three stresses Sy, and three displacements V as
a; — . In addition, of course, we must satisfy the condition that the boundary stress—strain state must
be bounded as A — . To satisfy these requirements in (2.1) we can arrange the values of the weighting
exponents o and B and prescribe the form of the four conditions set out in the classical theory of shells
on the line o; = 0 for the values of T Hence, we must obtain that:

(a) in relations (2.1), after dropping the common factors of the form A%, it should be possible to take
the limit as A — o (i.e. there are no positive powers of A);

(b) from the limiting butt relations (as A — o) one butt condition follows for the antiplane problem
and two butt conditions for the plane problem;

(c) the limiting butt conditions for both the antiplane problem and the plane problem separately do
not admit of a trivial (zero) solution (otherwise this would indicate that there is an error in the choice
of a, B).

These requirements will be satisfied if the following relations are satisfied

(X.I =0: T?l = 0, t?z =0, t:l = 0 (2.2)
and if the following formulae are assumed for the weighting factors o, p
a=2p-c, B=p (2.3)

Here the limit boundary relations (2.1) take the form
AI¥2PcES (o) + ES,(B) =0, §tl, +ES;p(a)=0
Ty + BN 2Pl Ly + X2 - Yyt +

+AP2PCES (o) + ES;3(B) =0
1+2p—<

(24)

In (2.4) we have retained terms with the factor A , although we have assumed that the limit was
taken as A — co. The point is that this factor, according to (1.9) and (1.10), is either negative (when
p < 1/2), or is equal to zero (when p = I/2). It must be interpreted in the appropriate way depending
on the values of the parameters p and I.

It can be assumed that the inhomogeneity requuements are also satisfied in (2.4). This, generally
speaking, is ensured by the terms with 11, 133, tf3, 1{3 in (2.4). According to (1.5) and (1.6) they do not
belong to quantities which, in the two-dimensional theory of shells, are subject to any boundary
requirements. Hence, the free terms in (2.4) can only vanish “accidentally”, i.e. only in specific problems
for specific value of the input data.

The problem remains of ensuring the Saint-Venant decay of the boundary stress-strain state. We will
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examine this problem after considering some general properties of the approximate theory of the
boundary stress-strain state in the following section.

3. A MODIFIED SAINT-VENANT PRINCIPLE IN THE THEORY OF SHELLS

We will consider the boundary stress—strain state of a shell in the vicinity of the butt a; = 0 and we will
write the equilibrium equations of the three-dimensional theory of elasticity for it in the following form

90, + 30i1+ 90,

X= da; da, o,

=0 (i=1,23) (3.1)

(for simplicity we have used Cartesian coordinates, but the final conclusions remain true for any
coordinate system).
We replace the required quantities in (3.1) using the formulae

o,=ES; (5.1=1,2,3) (3.2)

and for the independent variables we make the replacement (1.2) and take into account the fact that
the asymptotic form of the boundary stress—strain state can be expressed by the relations [4]

‘Il;:(o'n ,G39,0033,G73) = AP [}, (B), S, (B), S33(B). 53 (B)] +

(3.3)
+AXTIHPLS, (), Spp (00), S33(00), Sy3 ()]

-;—.(0'12 ,623) = A2[S5(00), Sp3(@)]+ NP2 (5, (B), S5 (B)] (3.4)

In these equations S(a), S(B) are quantities of the form O(A") for the same x for all §, and a, p are
weighting factors, introduced in Section 1. The latter characterize the relative asymptotic intensity of
the antiplane (o) and plane (B) stresses in the boundary stress—strain state.

Relations (3.3) and (3.4) were derived neglecting quantities of the form

g= O(\7+p) (3.5)

In the discussions relating to the formulation of the boundary conditions, we assumed that the neglect
of other quantities of the same order was acceptable.
We will agree to consider the following three cases separately

O<a-B<l-p (3.6)
O0<PB-a<i-p 3.7
oa-p=0 (3.8)

(the quantities a, B, which do not fit into these frameworks, will not be necessary below).

Boundary stress—strain states with different asymptotic properties are characterized by relations
(3.6)—(3.8). We will assume that the following are possible: an almost antiplane boundary stress—strain
state, in which inequalities (3.6) are satisfied and oy, and o3 are asymptotically continuous, an almost
plane boundary stress-strain state, in which inequalities (3.7) are satisfied and o1y, 62, 033, 013 are
continuous, and a mixed boundary stress-strain state, in which equality (3.8) holds and all these stresses
are asymptotically equivalent.

It can be verified that when any of relations (3.6)—(3.8) are satisfied, it is sufficient to retain only the
first terms on the right-hand sides of (3.3) and (3.4) to within the accuracies specified by (3.5). Moreover,
scale transformations (1.2) hold for the boundary stress—strain state. This enables us to conclude that,
with the accuracy of (3.5), the equilibrium equations (3.1) can be replaced by approximate equalities,
which have the form

X_=.aoll+ ach +acl3=0
P8y 00y )y, 90
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x, =22 +(a°22) + %1 g (3.9)
da; \ 90y i, 00

x,sao-“ + 9G3, +80‘33 =0
Tooday 90y g0 a0ty

We have assumed here that the terms in brackets need to be retained only when the relation, the
number of which is indicated outside the brackets, is satisfied. (Thus, when (3.8) is satisfied all the terms
in the brackets drop out.)

We will introduce into consideration the following four obvious equations

[[X,dg=0, [[X,dg=0, [[X,dg=0

(3.10)
103 - X30,)dg =0
in which the integration is extended over the region g = {0 < a; < o0; =& < a3 < +h} and will expand
their left-hand sides by traditional methods of the theory of elasticity, taking into account the fact that
the stresses o, must be subject to the homogeneous face conditions

03 = th: 03, =0 (k=1,2,3)

and the butt conditions
0, =0: ), =Xs;;, O3 =Ns;p, Op3=Asy (3.11)

(511, S12 and sy are specified functions of the variables o, and a3, commensurable with A%) and the
conditions for sufficiently rapid decay of the stresses o as a; — .

The corresponding actions were described in detail in [6] for the case when the approximate equili-
brium equations correspond to conditions (3.6). Here Eqgs (3.9), taking (3.11) into account, can be
reduced to four equations (integration over a3 here and later is carried out from -4 to k)

Is”da_g = 0, jslzda_; =0

N’Isnd(!-, + k’ —a—ISnaqdu:; =0 (312)
3 aaz k

l’js”a_qda_; + {—a—— ”612(!3dg} =0
a0,

In the last of these, the term in the braces is negligibly small, to within the accuracy described by
(3.5). This follows from (3.11) and from the fact that the additional integration over o, of the
exponentially decaying function o, is provided for in it.

After dropping the small term, (3.12) will contain only values of the stresses specified on the line
a; = 0, and, consequently, conditions (3.12) can be formulated without solving the corresponding
boundary-value problem. These conditions are obviously necessary for a decaying solution of the
boundary-value problem in question to exist. Here we will mean by the modified Saint-Venant principle,
as previously [6], the assertion that conditions of this kind are also sufficient.

After obvious reduction using (1.5), Egs (3.12), taken without the term in the braces, have the form

oH.
=8, =N, +—2L =
21 3 aa

Gl =0 when 0.1 =0 (3.13)

They confirm the boundary conditions in the classical two-dimensional theory of shells for a free
boundary, generally accepted at the present time. The error in these conditions is governed by estimate
(3.5) used in this section. Below we will show that this is characteristic, generally speaking, for traditional
boundary conditions of the two-dimensional theory of shells. Nevertheless, it has been shown [4] that,
when deriving the two-dimensional differential equations of the theory of shells, a higher accuracy of
the order of A%*% js easily achieved. The question naturally arises of refining the formulation and
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boundary conditions to quantities of the same order (these conditions have been called reduced
conditions). However, the above discussion shows that for the boundary conditions the question of
refinement is more complex than for differential equations, and the construction of more accurate terms
involves the need to solve some additional boundary-value problems of the plane theory of elasticity.

Remark. It can be shown that the accuracy (3.5) achieved here is sufficient to justify the use of relations (2.2) in
deriving limit inequality (2.4).

We will now assume that, instead of (3.6), inequalities (3.7) are satisfied. Using the approximate
equilibrium equations (3.9), we obtain from the first, third and fourth relations of (3.10)

J s11does = f sp3do; = [ 5y 0do; = 0

To convert the second equation of (3.10) we will take into account the fact that in the case considered
the plane boundary layer is the main one for which the following approximate equation holds [4]

O + V(0 +033)=0

and the expression for X, in (3.9) reduces to the form
x, = 2 -v(a"“ + %05 J+ %0, (3.14)

When interpreting the second equation of (3.10) the only difficulties that arise are those related to the second
term in (3.14). We will carry out appropriate calculations (integration with respect to o, is carried out from zero
to infinity)

=00 %
HO“dg =jda3jc,|dal =I{[(!IO'”]::=O —j'a, jaall—l‘dal }da;

The first term in the braces vanishes due to the assumption of the exponential decay of the stress o;. The second
term can be converted using the first equation of (3.9). We obtain

Hﬁudg—-ﬂal 80 dg Ialdall_da;; =
Further we have
[oxdg=] {[“3033 Jath=les %‘f" } ==ffos 52 %03 Sode=
= Haz dg =-AP [ 53,03d0t;

Finally the conditions for the modified Saint-Venant principle to be satisfied in the case of (3.7), i.e.
for a fairly rigidly clamped butt [7], take the form

[ s11doty = [ 5;3d00; = [ 5,03d0t; =0

) (3.15)
A!J’S]zda:; +ij'P —fs,3a3da3 =0
dao,

(j is a conditional factor which up till now has been assumed to be equal to unity).

Remarks 1. There is an obvious analogy between the last equation of (3.15) and the third equation of (3.12).
The latter, in the classical theory of shells, arises due to the use of the reduced shearing force. However, it does
not follow from the last equation of (3.15) that for sufficiently rigid clamping of the butt similar corrections must
be introduced for the shearing force. When using (1.2) it can be shown that the term discussed in (3.15) can be
dropped with an error of the order of A~ “2*% This means that we can putj = 0 in (3.15), i.e. we can assume that
for sufficiently rigid clamping of the butt, to obtain the modified conditions for Saint-Venant decay we only need
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to drop the requirement that the boundary twisting moment should vanish in the canonical conditions without
changing the meaning of the shearing force.

2. It follows from the above, in particular, that the well known purely static discussions of Kelvin-Tait are not
a comprehensive justification for using the reduced shearing force. One needs to take into account not only the
statics but also the nature of the clamping of the butt.

It can be verified that the decay conditions (3.15) when j = 0 also hold when a = .

Note that the proposed approach to formulating the boundary conditions enables one to obtain, in
passing, relations of the form (2.3) for the weighting exponents a, B, i.e. to determine the qualitative
pattern of boundary elastic phenomena in almost two-dimensional bodies.

Formulae (1.3) show that when a = B = /, the antiplane boundary layer, the plane boundary layer
and the internal stress-strain state of the shell are asymptotically equivalent to one another as regards
the intensity of the stresses. In view of this, taking (2.3), (1.9) and (1.10) into account, we conclude
that, in the region of the free butt

(a) in a shell (which does not degenerate into a plate) when ¢ < 1/2, the boundary stress—strain state
as a whole is asymptotically secondary, and when ¢ = 1/2 it is commensurable with the internal
stress~strain state;

(b) in a plate the internal stress-strain state and the boundary stress—strain state are of the same order
for any ¢;

(c) in the separately taken boundary stress-strain state, generally speaking, the antiplane boundary
layer predominates, and the only exception is the case when the shell does not degenerate into a plane
and ¢ = 0, i.e. when the boundary stress—strain state is secondary as a whole.

4. CLAMPED BUTTS

We will now consider the case when the butt a; = 0 is clamped and the conditions of the three-
dimensional theory of elasticity

(11=0:U,=0, U2=0, U3=0 (4.1)

are imposed on it.
We will use relations (1.4), putting b = 0 in them, we choose p, v, as was done in Section 1, and we
specify the weighting factors by the formulae

a=p, B=1 4.2)
We obtain the butt conditions

RV, (B)+ RA2H2PY () = AP (v] + X742P<v))
RV,(xx)+ RV,(B) = -7;2“213(\,(2) + l—l+2p—ccv|2) @3)
RV,(B)+ R 2PV (o) = N6 (V] + A7*<Gvh)

which will once again be regarded as the boundary conditions for the boundary stress-strain state.

Remark. Equations (4.3) were derived previously in [7, 8] without describing the corresponding calculations and
contain an error, albeit ummportant for the final results: on the left-hand sides of the first and last equations (4.3),
instead of the factors A™2*% the factors A™*%~ are erroneously written. Moreover the expressnon in brackets on
the right-hand side of the last equation (4.3) was supplemented with the term A2 f”c v3, which was necessary for
a correct calculation of the boundary stress—strain state. In the present paper, where we are only concerned with
the problem of the boundary conditions in the two-dimensional theory of shells, this refinement is unimportant.

On the left-hand sides of (4.3) all the powers of A are non-positive. On the right-hand sides A are
positive for the five quantities v, vi, v3, v3, v;. The first four of these, according to (1.5), are proportional
to the displacements u,, u; and w of the middle surface and the elastic rotation angle y. Hence, it is
natural to assume that when a, = 0 they vanish with asymptotic accuracy, sufficient to neutralize the
positive powers of A. This is confirmed by the results obtained below. A unique positive power of A, in
front of vi, remains, i.e. with a value proportional, by (1.5), to the rotation angle y,. The following formula
holds for the latter {4]
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Yy =m0 4.4)

It follows from this that along the line a; = 0 the quantity v} vanishes together with V3, v, v, v5.

Hence, there is no contradiction in the values of (4.2) for a, B as regards the fact that there are no
positive powers of A in the butt conditions (4.3).

Relations (4.2), generally speaking, also do not contradict the requirement of inhomogeneity, since
the third of equations (4.3) contains the terms v}, which, by (1.6), can vanish only “accidentally” when
o4 = (0. In this situation (4.2) is subject to review, on which we will not dwell here.

Remark. For a clamped butt essentially the same discrepancy occurs as for a free end; we would expect five rather
than four boundary conditions to be imposed on v. However, in this case, the boundary equation v} = 0, follows
from the assumed vanishing of the boundary values of the quantities vJ, vg

Formulae (4.2) show that, in the vicinity of a clamped end the boundary stress-strain state of a shell
is always determined mainly by the solution of the plane problem and is of the same order as the internal
stress—strain state. Correspondingly, requirements (3.15) with j = 0 become the conditions for the
applicability of the modified Saint-Venant principle in this case. They must relate to the reaction forces
which arise on the butt a; = 0, i.e. to quantities which are unknown at the stage when the shell boundary
conditions are formulated. To overcome this obstacle we introduce into consideration typical problems
of the theory of the boundary stress—strain state. We will assume in these that the approximate equations
of the anti-plane and plane boundary layers are solved in a rectangle

(0<6, <06} -1<{=<+]) (4.5)
(9(1) is a fairly large number) and we take into account the face conditions
(=1L $,;=0 (j=12,3)
the clamping conditions on a sufficiently distant butt
8,=0" V.=0 (i=12,3)
and the conditions on the butt considered
8,=0: V,=3,¢" k=0Lmn=123)

(8n is the Kronecker delta).

Hence, problems of the approximate theory of the boundary stress—strain state, solved in a rectangle
(4.5) taking the three static or kinematic conditions on each of the rectilinear parts of the boundary
into account, are typical. Here, in any specific typical problem, only one condition, defining, when
8, = 0, some of the dimensionless displacements as a quantity which varies over the thickness as ¢°
or ¢!, is homogeneous.

It is assumed that typical problems can be solved approximately using the procedure described below.
If a unique inhomogeneous condition of a typical problem specified the end displacement V; or V3, the
quantities (9, defined by relations of the form (3.3) are constructed as a solution of the plane problem
of the theory of elasticity (taking into account the related boundary conditions, including also the unique
inhomogeneous condition). The corresponding quantities P in this typical problem will be asymptotically
secondary (contammg, by (3.4), the additional factor A7*P). The equations of the inhomogeneous
antiplane problem, in which the right-hand sides contain the proportionality factor A7*7, serve to
construct them. These equations must be solved taking into account the remammg unused
homogencous boundary conditions. Hence, in this case, we can put P = A"*? P* and assume that, in
formulating the boundary-value problems deﬁnmg P* and @, the large parameter A does not occur in
it, i.e. P* and Q are commensurable with A°.

Equally, for the case when the end displacement V; is specified by a unique inhomogeneous boundary
condmon in a typical problem, we can assume that its solutlon is determined by the quantities P and
QO = AP Q*, in which P and Q* are of the same order as A%,

We will introduced the notation sy(V; = ¢ *) and we will assume that sy[ - ] is the butt value of the
dimensional stresses o (when 8, = O) defined by the solution of the typical problem in which the unique
inhomogeneous condmon is expressed by the equation written in square brackets. For example, the
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symbol s;,[V; = ¢!] denotes the stress o;; on the butt §; = 0, Wthh arises in the elastic rectangle (4.5)
as a result of the application of a displacement V; equal to ¢! to its butt.

The boundary stress—strain state correspondmg to condition (4.3) can be constructed as follows: On
the right-hand sides of (4.3) we only retain one term, (for example, —k "vz on the right-hand side of
the second butt condition) and noting that in this term the quantity 7~—CV2|a = ¢ can depend only on
the variable &, we replace this factor by unity. We obtain one of the typical problems the solution of
which is denoted by the notation [} = (]. It occurs in the final expression for the requlred reactive
force with the factor — A'vi. Using the same method we also take into account all the remaining terms
on the right-hand sides of the end equations (4.3). Here, of course, we must bear in mind that if the
inhomogeneity only occurs, for example, in the antiplane problem, all the solutions of the plane problem
must be multiplied by the small quantity AP,

Hence, the reactive forces s;[-] (r = 1, 2, 3) on the butt a; = 0 are expressed by the formulae

Rsy; ==N"Ps [V, = 1] = W~%s) [V, = {Iv) =Ny [ V3 = 1]vg -
-l SU[V] €1V3 Xl‘psl’[VZ = 1]V2 AP~Cs ’ [V2 = C]VZ (] =1, 3) (4.6)

Rsjy = =Ny [V; = 1IV) = A71*2P=esp [V = Llvy = AP~y (Vs = 1DV] -

AP Vs = GV - NP [V, = 1V = s [V = LIV “7)

Here the asterisks recall that the factor A™*?, about which we have spoken above, has been taken
into account in the corresponding term. Consequently, we can assume that all the quantities s[ - ] with
an asterisk or without it are commensurable with 2.

5. THE BOUNDARY CONDITIONS ON A CLAMPED BUTT

To formulate the boundary conditions of the two-dimensional theory of shells on a clamped butt we
must substitute the reactive boundary stresses, calculated from (4.6) and (4.7), into the four conditions
for satisfying the modified Saint-Venant principle (3.15) with j = 0. The latter contain integrals which
must be evaluated in the interval (-h, +h) symmetrical about a3. Hence, some of these vanish in view
of the evenness or oddness of the functions s{ - ] with respect to a3. It can be shown that these properties
can be expressed as follows: syy, 515, §13 are even when, in the corresponding typical problem, the
inhomogeneous butt conditions are specified by one of the three equations V; = 1,V, = 1, V3 = (, and
odd if the last equations have the form V=, Vo, = V3 = 1.

Taking this into account we obtain, from the first and fourth decay conditions (3.15), after making
the replacement a; = h{ (the integration with respect to ¢ is from -1 to 1)

NPV 5,1V, = 10dG + A0V 5,V = L1dC + NPV [ 7, [V, = 11dE =0 (5.1)
VD [salV = 11dG+ NPV [ 57, [V = E1dE + A2 2PV [ 5, (V, = 11dG = 0

while the third and second conditions of (3.15) give
A7V [V = CIGA0+ KVE [ Vs = 1CAE + M7°V; [,y = LJGdC =0 (52)
N7V [ 513l =CMG+ NV sy30V3 = 11E + N7V} [ sia [V = §dE =0

Equanons (5.1) and (5.2) form two independent systems of linear algebraic equations in (v}, v3) and
(v3, vl) respectively, which, according to (1.5), are proportional to the displacements u;, 4, and w and
the elastic angle of rotation y, in the two-dimensional theory of shells. Since (5.1) and (5.2) must be
satisfied on the edge a; = 0 the required boundary conditions corresponding to the clamped butt are
determined by these equations.

In systems (5.1) and (5.2) all the definite integrals can be regarded as known quantities. To determine
them one needs to solve typical problems, in the formulation of which small parameters do not occur.
Hence, we can assume that they are all commensurable with A% and the asymptotic form of the coef-
ficients of the systems discussed are explicitly expressed by the powers of A occurring in them. Hence,
one can also easily obtain the asymptotic form of the unknowns in (5.1) and (5.2). It has the form
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vl =0y, VI = oY), vi =00, v =0ty (for @y =0)  (5.3)

Hence, taking (1.5) and (4.4) into account, it follows that the mathematical approach used confirms
the conditions set in the two-dimensional theory from physical considerations

yy=y=w=7y=0

and establishes that their error has the form O(A™*7).

Remark. The third of estimates (5.3) does not denote “complete inaccuracy” of the boundary condition for ;.
It must be taken into account that, by virtue of (4.4), v} vanishes when a; = 0 together with the quantities vJ, v3.

6. COMPLEXLY CLAMPED BUTTS OF THE SHELL

1. A shell with a partially clamped butt. Consider the butt oy = 0, clamped at one part of its thickness
and free along the remaining part. We will assume that the inequalities 1 = { = 1 — y and the butt
conditions, which follow from (1.4), correspond to the clamping, while the inequalities 1 — ¢ = { = -1
and the butt conditions that follow from (1.3) correspond to the free part, where = is a fixed proper
fraction.

In this case we must put

a=l, B=I (6.1)
Hence, we obtain the limit butt conditions on the fixed part of the end
N-P(VE + 2Pyl RV (B) =0, AP(v) + X7 2PLvh ) + RV, () =0 (6.2)
AUV +ATLVE) + RV (B) =0
and on the free part of the butt

D+ X2l B8, (B)=0, 10, +X7*2P L1, + ES)p () =0 (6.3)

APl Ll P2 ) 1 ES(B) = 0

(We have taken into account the fact that, by virtue of (1.9) and (1.10), the inequality -2/ + 3p —¢ < 0
holds.)

The necessary requirements, which ensure the satisfaction of the limit butt conditions, formulated
in Section 2, are satisfied, if relations of the form (5.3), obtained for butt clamped over the whole
thickness, are realizable with sufficient asymptotic accuracy. Hence, also, from considerations presented
below, it follows that in the classical two-dimensional theory of shells the same boundary conditions
are established on a partially clamped butt as on butt which is clamped as a whole. On the free part of
the butt discrepancies arise which can obviously be removed when solving the problem of the boundary
stress—strain state for the half-strip shown in Fig. 1.

The solution of this problem (without having to satisfy any additional conditions) will always have a
decaying form, which arise from the following physical considerations.

In the clamped part of the butt of the half-strip reactions can, in principle, occur, which balance any
forces applied to its free part. Hence, the assumption that the solution decays in this case is not in clear

1 l l///// Ll

o =0

Fig. 1.
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Fig. 2.

contradiction with the requirements of global balancing of the strip. At the same time the Saint-Venant
principle (including the modified principle) can be treated as an assertion that the stress—strain state
will always decay whenever this does not give rise to global unbalancing.

The unconditional decay of the boundary stress-strain state in this case can also be revealed by the
formal discussions used in Section 5 for a completely clamped butt. To do this we must introduce the
idea of typical problems, which enable the reactive forces which arise from the butt conditions (6.2) to
be expressed in terms of their solutions, and to relate to these actions forces which directly arise from
conditions (6.3). Then, the four requirements of the applicability of the modified Saint-Venant principle
lead, as in Section 5, to four linear algebraic equations, defining the boundary values of v and t. Powers
of A, contained in (6.2) and (6.3), occur in these relations, and an asymptotic analysis of this system
becomes possible. It shows that the t-terms are asymptotically negligible compared with the v-terms,
and this is equivalent to the conclusion drawn above (it is also indirectly confirmed by the asymptotic
structure of the butt relations mentioned).

We will not dwell on the details of this kind of discussion here or below. We will merely note two
facts: (1) in the classical theory they in no way lead to a disparity between the number of boundary
conditions and the possibility of satisfying them; (2) it is always implicitly assumed in them that the
number x, which specifies the relative thickness of the clamped part, does not approach asymptotically
either to zero or to unity (otherwise, to formulate the boundary conditions, a preliminary solution of
typical problems of the theory of the boundary stress-strain state would be required).

2. The junction between two shells of different thickness. In this case, for a; = 0 and any { we must
satisfy all six equations, which follow from (1.3) and (1.4), but we must replace the quantities 1, v, S
and V in them by the jumps which they undergo on passing through a; = 0.

In these problems formulae (6.1) for a, p remain true. Taking this into account, and setting up the
six limit conditions at the junction, it can be shown that in the corresponding kinematic relations, i.e.
in the analogue of (6.2), we must put

VI =3v) =8v)=8v|=0 (6.4)

in order that all the positive powers of A in them disappear and the term A%&v3, which ensures
inhomogeneity of the problem of determining the boundary stress—strain state, remains.

This problem must be solved in the strip shown in Fig. 2. The external forces, applied to the joint a;
= 0 of the strip, are determined by terms with the quantities 37 in analogues of Eqs (6.3). These forces
must be subject to the conditions of Saint-Venant decay. In this case (when a = B) they have the following
form in the notation of formulae (1.5)

8T, =8S,, =8N, =8G; =0 (whena, =0) (6.5)

It follows from (6.4) and (6.5) that the treatment of the conditions at the junction of two shells that
is traditional in the two-dimensional classical theory, is largely confirmed. Moreover, conditions (6.5)
show that the Kelvin-Tait transformation in this case leads to an error: at the junction it is the jump in
the “real” rather than the “reduced” shearing force that should vanish.

This research was supported financially by the Russian Foundation for Basic Research (96-01-01098
and 96-15-96037) and the International Association for Promotion the Cooperation with Scientists from
the Independent States of the Former Soviet Union (INTAS-96-2113).

REFERENCES

1. GOL’'DENVEIZER, A. L., The construction of an approximate theory of shells using asymptotic integration of the equations
of the theory of elasticity. Prikl. Mat. Mekh., 1963, 217, 4, 593-608.



The boundary conditions in the two-dimensional theory of shells 629

. GREEN, A. E., On the linear theory of thin elastic shells. Proc. Roy. Soc. London. Ser: A., 1962, 266, 1325, 143-160.
. GREEN, A. E., Boundary layer equations in the linear theory of thin elastic shells. Proc. Roy. Soc. London. Ser. A., 1962, 269,

1339, 481-491.

. GOL’DENVEIZER, A. L., The Theory of Thin Elastic Shells. Nauka, Moscow, 1976.
. GOL’'DENVEIZER, A. L., The mathematical stiffness of surfaces and the physical stiffness of shells. Izv. Akad. Nauk SSSR.

MTT, 1979, 6, 65-77.

. GOL’DENVEIZER, A. L., Algorithms for the asymptotic construction of a linear two-dimensional theory of thin shells and

the Saint-Venant principle. Prikl. Mat. Mekh., 1994, 58, 6, 96-108.

. GOL’'DENVEIZER, A. L., The boundary stress—strain state of thin elastic shells. Proc. Estonian Acad. Sci. Ser. Phys. Math.,

1993, 42, 1, 3244.

. GOL’DENVEIZER, A. L., Internal and boundary analysis of thin elastic bodies. Prikl. Mat. Mekh., 1995, 59, 6, 1019-1032.
. GOL’DENVEIZER, A. L., The general theory of elastic bodies (shells, coatings and linings). Izv. Ross. Akad. Nauk. MTT,

1992, 3, 3-17.
Translated by R.C.G.



